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Differential Equations

v⃗ =
d⃗r

dt
velocity

a⃗ =
dv⃗

dt
=

d2r⃗

dt2
acceleration

r⃗(t) = r⃗(0) +

∫ t

0

v⃗(t) dt

v⃗(t) = v⃗(0) +

∫ t

0

a⃗(t) dt

1-D Constant Acceleration

xf = xi + vit+
1

2
at2

xf = xi +
1

2
(vi + vf )t

vf = vi + at

vavg =
1

2

(
vi + vf

)
v2f = v2i + 2a(xf − xi)

Polar coordinates (r, θ) → (x, y)

r⃗ =

(
r cos θ

r sin θ

)
=

(
r cosωt

r sinωt

)
2-D Constant Acceleration

r⃗f = r⃗i + v⃗it+
1

2
a⃗t2

r⃗f = r⃗i +
1

2
(v⃗i + v⃗f )t

v⃗f = v⃗i + a⃗t

v⃗avg =
1

2
(v⃗i + v⃗f )

v2xf = v2xi + 2ax(xf − xi)

v2yf = v2yi + 2ay(yf − yi)

Relative Motion

v⃗C/A = v⃗C/B + v⃗B/A

v⃗B/A = −v⃗A/B

Circular Motion with a constant radius

a⃗cent = −ω2r r̂ = −
v2tang
r

r̂

a⃗tang =
dvtang
dt

v̂

ω =
2π

T
when

d2θ

dt2
= 0

ω =
dθ

dt
=

vtang
r

v̂ and r̂
unit vectors in the v⃗ and r⃗ di-

rections respectively

1 rev = 2π rads

Friction forces

Fstatic ≤ µstaticFNormal

Fkinetic = µkineticFNormal

Newton’s Laws (inertial frame)∑
all

F⃗ = ma⃗

Resistance proportional to v (in oil/water)1

R⃗ = −bv⃗ resistive force

vT =
mg

b

terminal velocity

in free fall

v(t) = vT

(
1− e−t/τ

)
with τ ≡ m

b

Resistance proportional to v2 (air)2∣∣∣R⃗∣∣∣ = 1

2
DρAv2 resistive force

vT =

√
2mg

DρA

terminal velocity

in free fall

Quadratic formula

If 0 = ax2 + bx+ c

Then x =
−b±

√
b2 − 4ac

2a

Energy and Work

W =

∫
F⃗ · d⃗r with a⃗ · b⃗ = ab cos θ

F⃗cons = −dU

d⃗r
⇒ Fx = −∂U

∂x
Fy = −∂U

∂y

Ugravity = mgy and Uspring =
1

2
kx2

K =
1

2
mv2 ⇒ ∆K =

1

2
mv2f − 1

2
mv2i

Wcons = ∆U +∆K

Wnon-cons = ∆Eint e.g. friction µkFN∆x

∆Esystem = ∆K +∆U +∆Eint

∆Esystem = 0 only for isolated systems

Power

P =
dE

dt
= F⃗ · v⃗ ⇒ Fv cos θ

∆E =

∫
P dt

Poutput = ηPinput with η ≡ efficiency
1τ the characteristic time and b the proportionality constant.
2D a dimensionless constant, ρ the density of the medium in which the object is travelling, A the surface area of the object seen from the

direction of travel



Linear Momentum

p⃗ = mv⃗∑
F⃗ =

dp⃗

dt

p⃗tot =
∑
j

p⃗j

∆p⃗tot = 0
isolated system

no ext. forces

∆p⃗ = I⃗ =

∫ ∑
F⃗dt = F⃗ave∆t

Center of Mass

M =
∑
j

mj r⃗CM =
1

M

∑
j

mj r⃗j

v⃗CM =
1

M

∑
j

p⃗j =
1

M
p⃗tot a⃗CM =

1

M

∑
j

F⃗ext j

Rocket Propulsion. M : rocket mass including fuel. ve: speed

of ejected mass velocity relative to rocket.

F⃗thrust = v⃗e
dM

dt
= −v⃗e

dme

dt
dme

dt
> 0 mass ejection rate

vf − vi = ve ln

(
Mi

Mf

)
for finite burn

Favg. thrust = ve
Mi −Mf

tburn

Kinematic Equations for Rotation with constant α

ω =
dθ

dt
α =

d2θ

dt2

θf = θi + ωit+
1

2
αt2

θf = θi +
1

2
(ωi + ωf )t

ωf = ωi + αt

ωavg =
1

2

(
ωi + ωf

)
ω2
f = ω2

i + 2α(θf − θi)

Newton’s equations for rigid bodies around a fixed axis∑
τ⃗ = Iα⃗

τ⃗ = r⃗× F⃗ ⇒ Fr sin θ

Krot =
1

2
Iω2 ∆W =

∫
τ dθ

P = τ⃗ · w⃗ ⇒ τω cos θ

I =
∑
j

mjr
2
j ⇒ I =

∫
r2 dm =

∫
V

r2ρ(r) dV

I = md2 + ICM

Parallel axis theorem.

d: distance of rot. axis from CM.

ICM: Mom. of inertia around

CM.

Rolling Motion for an object mass m and radius R. CM is

center of mass.

vCM = ωR and aCM = αR

Ktrans. =
1

2
mv2CM and Krot. =

1

2
ICMω2

Ktotal = Ktrans. +Krot. and Ug = mgyCM

Angular Momentum

L⃗ = r⃗× p⃗ ⇒ L⃗total =
∑
j

r⃗j × p⃗j

∑
τ⃗ ext =

dL⃗

dt
⇒ if

∑
τ⃗ ext = 0 then L⃗i = L⃗f

L⃗ = Iω⃗ for rigid bodies

Vectors

A⃗ · B⃗ =
∣∣∣A⃗∣∣∣ ∣∣∣B⃗∣∣∣ cos θ = AxBx +AyBy +AzBz

A⃗× B⃗ =

AyBz −AzBy

AzBx −AxBz

AxBy −AyBx


A⃗× B⃗ = −B⃗× A⃗ and A⃗ · B⃗ = B⃗ · A⃗

Static Equilibrium

∑
τ⃗ = 0 and

∑
F⃗ = 0

Universal Gravitation where a is the semi-major axis of the el-

liptic orbit with 2a = rmin+rmax. G = 6.67×10−11 kgm2/s2,

RE = 6380 km, ME = 5.97× 1024 kg.

F⃗g = −Gm1m2

r2
r̂ ⇒ g =

GMEarth

R2
Earth

Ug = −Gm1m2

r
⇒ Ug = −GMEmsat

RE + hsat

E =
1

2
mv2 − GMm

r

For a small object m

with M ≫ m

E = −GMpms

2a

For satellites in elliptic orbit only

with Mplanet ≫ msat

E = −GMpms

2r

For satellites in circular orbit r

with Mplanet ≫ msat

vescape =

√
2GM

R
for planet mass M , radius R

T 2 =

(
4π2

GM

)
a3

where M is the much larger ob-

ject. a = r for circular orbits.
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